In order to carry out high-precision machining of aerospace structural components with large size, thin wall and complex surface, this paper proposes a novel parallel kinematic machine (PKM) and formulates its semi-analytical theoretical stiffness model considering gravitational effects that is verified by stiffness experiments. From the viewpoint of topology structure, the novel PKM consists of two substructures in terms of the redundant and overconstrained parallel mechanisms that are connected by two interlinked revolute joints. The theoretical stiffness model of the novel PKM is established based upon the virtual work principle and deformation superposition principle after mapping the stiffness models of substructures from joint space to operated space by Jacobian matrices and considering the deformation contributions of interlinked revolute joints to two substructures. Meanwhile, the component gravities are treated as external payloads exerting on the end reference point of the novel PKM resorting to static equivalence principle. This approach is proved by comparing the theoretical stiffness values with experimental stiffness values in the same configurations, which also indicates equivalent gravity can be employed to describe the actual distributed gravities in an acceptable accuracy manner. Finally, on the basis of the verified theoretical stiffness model, the stiffness distributions of the novel PKM are illustrated and the contributions of component gravities to the stiffness of the novel PKM are discussed.
Introduction
In the high-precision machining of aerospace structural components with large size, thin wall and complex surface, a new type of five degree-of-freedom (DoF) numerical control machine, referred to as parallel kinematic machine (PKM), has been paid more and more attention from both academia and industry [1] [2] [3] [4] . As an important complement of traditional 5-DoF numerical control machines with serial topology structures, the parallel kinematic machines (PKMs) with closed topology structures have several advantages in terms of high stiffness, good accuracy/dynamic performance, large load-weight ratio and easy integration with long guideways [5] [6] [7] .
Those have been proved by successful applications of famous Tricept [8] [9] [10] and Sprint Z3 head [11] [12] PKMs, not only in the aerospace machining but also in fields like automobile and aviation assembling, wielding, drilling
The existing 5-DoF PKMs can be classified into two categories. The first category is composed of a 3-DoF position parallel mechanism (3-UPS&UP [13] , 3-UPS&UP [14] , 2-UPR&SPR [15] parallel mechanism for example) plus a 2-DoF rotating head theoretically accessible and inaccessible instantaneous motions, the generalized Jacobian matrix of lower mobility parallel mechanisms is obtained by Huang [34] . Based upon overall and generalized Jacobian matrices, the stiffness modeling of several lower mobility parallel mechanisms has been carried out [22, [35] [36] [37] . Recently, Pashkevich [23] [24] 38] propose a virtual joint method (VJM) to formulate the stiffness models of parallel mechanisms, in which 6-DoF virtual springs are employed to describe the link and joint deformations.
In consequence, it should be pointed out that the semi-analytical approach based on virtual work principle is more suitable for the parameterized stiffness analysis, estimation and design comparing to the other two approaches, as it combines the accuracy of numerical methods and explicitness of analytical method. From the viewpoint of topology structure, the novel T5 PKM consists of two substructures in terms of the redundant and overconstrained parallel mechanisms that are connected by two interlinked revolute joints. Hence the deformations stemmed from both redundant substructure and overconstrained substructure are interactive by the two interlinked revolute joints. The above-mentioned semi-analytical approach cannot apply directly to the stiffness modeling of T5 PKM because of its unique structure. How to deal with the deformation contribution of interlinked revolute joints to the substructures is of vital important. In addition, the Jacobian matrix is a key issue in the stiffness modeling of parallel mechanism utilizing the semi-analytical approach, yet how to apply Jacobian matrix to the stiffness model of the redundant and overconstrained parallel mechanisms still remains an open problem.
Moreover, for the 5-DoF PKMs with horizontal layout, the deformation caused by the gravitational forces of the machine should not be neglected in the stiffness model since it will has great influence on the deformations of the end reference point. However, the stiffness model considering gravitational effects is an open issue to be investigated although several attempts have been made to deal with this problem [24, [38] [39] [40] . In addition, how to verify the validity of the stiffness model considering gravitational effects is also a challenging problem. This paper formulates a semi-analytical stiffness model of T5 PKM considering gravitational effects, and verifies its validity by means of the stiffness experiment. Having outlined the existing approaches and challenges in Section 1, this paper is organized as follows. The system description and inverse position analysis are addressed briefly in Section 2. Section 3 formulates the stiffness model of T5 PKM, in which the stiffness models of substructure I and II are obtained in Section 4. The stiffness experiment is carried out in Section 5 to illustrate the validity of this stiffness model. Section 6 demonstrates the stiffness analysis in the prescribed workspace and the gravitational effects to T5 PKM before the conclusions are drawn in Section 7.
T5 PKM description and inverse position analysis
T5 PKM is composed of a fixed base, a moving platform, a platform I, a UP limb, five UPS limbs, two interlinked R joints denoted by IR 1 and IR 2 , closed-loop I and closed-loop II. As shown in Fig. 1 , The five UPS limbs connect the fixed base by U joints and the 1st and 2nd, 3rd and 4th UPS limbs join platform I together by IR 1 and IR 2 , respectively, while the 5th UPS limb links platform I by S joint. The UP limb joins the fixed base by U joint with its center denoted by point O and connects rigidly to platform I at point A 6 . The prescribed position workspace of T5 PKM is considered as a cylinder whose radius is R and height is h, and the distance between point O and the upper surface of the prescribed workspace is represented by H. As is shown in Fig.1(b In order to describe the motion in a distinct way, T5 PKM can be divided into two parallel mechanims in terms of a 3-DoF redundant parallel mechanisms and a 2-DoF overconstrained parallel mechanism [19] . Topology strucutre of the 3-DoF redundant parallel mechanisms is described by the fixed base, platform I, five UPS limbs, IR 1 , IR 2 and UP limb, which is named as substructure I in this paper. The 2-DoF overconstrained parallel mechanism is made up of two parallelogram-based closed-loop I and II with topology RUUR, which is called after substructure II in this paper.
As shown in Fig. 2 , in the closed-loop I and II, one axis of the U joint is collinear with that of the other U joint, and the other two axes are parallel to the R joints and to those of IR 1 Fig. 1 (a). What should bear in mind is that T5 PKM is not a hybrid mechanism simply added by substructure I and II, the inputs of the substructure II are given by the IR 1 and IR 2 of substructure I. In consequence, T5 PKM is a parallel mechanism form the viewpoint of the topology structure, which is essentially different from Tricept-like and Sprint Z3
Head-like PKMs. In order to describe the motions of T5 PKM, several reference frames are established. As shown in Fig. 1(b) , a fix reference frame Fig. 2 , a moving reference frame 6 A uvw  is assigned to the center point A 6 of platform I. Its u-axis is parallel to the distal axis of central U joint and the w-axis coincides with the axis of P joint of the UP limb.
Reference frames Fig. 1 (b) are defined at point B i to describe the configuration of UPS limbs, its u i -axis is collinear with the distal axis of the ith U joint while w i coincides with the axis of P joint of the ith UPS limb. By rotating frame 6 A uvw  about the w-axis with  ( 5 / 4   y p ), the reference frame 6 A u v w ¢ ¢ ¢ -is established at point A 6 . As shown in Fig. 2 , a reference frame Based upon aforementioned definitions, the orientation matrix R of frame 6 A uvw  with respect to frame O xyz  can be described by rotating about y-axis with  angle and u-axis with  angle successively. Such that, the position vector,
where Since the vector a i is related to the rotations of IR 1 and IR 2 , and a i can be expressed in frame O xyz 
where
Rot , Rot , 
Stiffness modeling of T5 PKM considering gravitational effects
Based upon the analysis results of Section 2, T5 PKM can be divided into substructure I and II in terms of the 3-DoF redundant parallel mechanism and the 2-DoF overconstrained parallel mechanism, in which IR 1 and IR 2 shown in Fig. 1 and 2 are included by the two substructures in common. The IR 1 and IR 2 are passive joints in the substructure I while they are actuated joints in the substructure II. Therefore, the deformation of T5 PKM can be calculated by the sum of the deformations of the two substructures in the light of the deformation superposition principle, in which the deformation contributions of IR 1 and IR 2 to the two substructures respectively must be considered, however the compliance calculation of IR 1 and IR 2 is an important and challenging issue. In addition, the component gravities of T5 PKM are considered as the external payloads exerting on the moving platform of T5 PKM in this paper.
This treatment will be verified by the stiffness experiment of T5 PKM. 
Wrench mapping model
The wrenches exerting on T5 PKM are considered as the external payload, internal payload of actuations/constraints and gravity. As shown in Fig. 3 (a), the equation of static equilibrium of substructure I at point A 6 can be written as denote unit wrenches of constraints and their intensities of the passive UP limb, and 3  2  2  2  2  2  2  2  2  , , , 
, and output link 3 4 E E of closed-loop I, respectively. Similarly, 
where , , w wE wG
w´ represents the skew-symmetric matrix relating to vector w .
Twist Mapping Model
As shown in [19] , the twist t $ of T5 PKM with respect to reference point D is the liner superposition of twists $ produced by substructure I and II respectively, which is
Based upon the wrench and twist mapping models, the compliance model of T5 PKM can be formulated as follows in the light of Hooke's Law.
herein C denotes the compliance matrix of T5 PKM.
Substituting Eq. (7) and Eq. (8) into Eq. (9), C can be expressed as It is concluded from aforementioned compliance/stiffness modeling of T5 PKM that: 1) the gravities of two substructures are equivalent to external payloads exerting on point A 6 and point D by means of static equilibrium, respectively; 2) the wrench and twist models of two substructures are the same as those presented in [19] since the gravities are regarded as the external payloads; 3) the stiffness matrix of T5 PKM can be obtained after computing should be considered.
Concerning Eq. (10), several assumptions should be made as: 1) the friction and contact deformation within the joints are ignored;
2) the deformations of the components satisfy the linear superposition principle; 3) the platform I, output links E 3 E 4 and F 3 F 4 are regarded as rigid bodies without deformations.
4. Stiffness models of IR 1 , IR 2 , substructure I and II
IR 1 and IR 2
As shown in Fig. 4 , the structures of IR 1 and IR 2 look like the capital letter 'T', the horizontal parts link to the 1st and 2nd (or 3rd and 4th) UPS limbs at point k A and As shown in Fig. 4 , the deformations of IR 1 and IR 2 can be divided into the rigid body motion and the elastic deformation. The initial configuration of IR 1 and IR 2 is represented by state 1, then they move rigidly to state 2. Supposed that UPS limbs stay still while IR 1 and IR 2 begin to deform, which is demonstrated by the red lines in Fig. 4 .
Therefore, the compliance of substructure I caused by five UPS limbs can be written as follows when considering the deformation effects of IR 1 and IR 2 . 
Determination of
1 a
C
The forces applying on the five UPS limbs are merely tension/compression and it allows UPS limbs to be regarded as 1-DoF spring systems, hence the compliance of the ith UPS limb at A i can be formulated as The S joint of UPS limbs is composed of three R joints whose axes are linear independent and perpendicular mutually. Taking S joint shown in Fig. 5 
where 
where sc L is the work length, E is elasticity modulus and sc A is sectional area of lead screw.
Similar with S joint, the 3 3  linear compliance matrix of U joint is obtained as
where in C and out C are the linear compliances of the inner and outer rotational components of U joint in each reference frame while U R is the orientation matrix of the proximal axis with respect to the distal axis of U joint. It is noted that the third element of the diagonal of U C is the axial linear compliance of U joint, that is , ,7 a i c .
In consequence, the linear compliance of ith UPS limb is achieved by substituting Eq. (15) ~ (18) into Eq. (14), which will be mapped to point A 6 in order to formulate 1 a C .
In the previous work of the authors [19] , the twists of UPS limbs mapping to point A 6 can be described as
where T  T  2 1  1 2  1  2 1  2  1 2   T  T  T  1  1  1  4 3  3 4  3  4 Bearing in mind the virtual work principle and Hooke's law, it is easy to formulate
When IR 1 and IR 2 are treated as rigid bodies without deformations, six dimensional deformations of substructure I at point A 6
merely considering the deformation contributions of UPS limbs are formulated by substituting Eq. (19) ~ (20) into Eq. (21) as 
where In consequence, the compliance matrix 1 a C is achieved by substituting Eq. (22) and Eq. (23) into Eq. (11). 
Determinations of

C
It is concluded from Eq. (5) that the passive UP limb is exerted by the constrained wrenches that can be divided into the shearing force/bending moment along/about u-axis and v-axis and the torsional moment about w-axis, as shown in Fig. 6 . The aforementioned one force and two moments will lead to the bending and torsional deformations of UP limb.
As shown in Fig. 6 , the P joint is regarded as the beam element because of its cylindrical structure. One side of beam element is named as node 1 who is also the center of U joint, and the other side is named as node 2 who connects rigidly to platform I. To formulate the bending deformation of UP limb, structure matrix is used here. Δ denotes the linear deformation of node 1. In consequence, the stiffness matrix of node 2 is formulated as described in [34] . 
Based upon the aforementioned analysis, the position and pose of the end point (node 2) of UP limb must satisfy the deformation compatibility condition, and then the following equation can be formulated according to Eq. (19). Substituting Eq. (24)~ (25) into Eq. (26), leads to ( )
The torsional deformation of UP limb can be obtained by the superposition of the angular deformation of U joint about w-axis and the torsional deformation of P joint. It is easy to derive
Substructure II
As stated in Section 2, the substructure II is a 2-DoF overconstrained parallel mechanism from the viewpoint of topology structure, whose compliance matrix can be considered as that formulates the compliance matrices of two closed-loops in their each reference frame and then obtains the compliance matrix of substructure II by means of the virtual work principle and Jacobian matrix.
It is obvious from Fig. 7 
Substituting Eq. (31) into Eq. (30), the stiffness matrix of closed-loop I in frame
As shown in Fig. 8 C represents the compliance matrix of U joint of closed-loop II.
Bearing virtual work principle in mind, the following equation can be obtained as
Based upon the Hooke's law,
, ,
Noting that the close-loop I and II is articulated by one R joint, the deformation compatibility conditions of closed-loop II at point D can be given as 2 2 , , 2 ,
Taking compliance matrix 3 4 2 F F C of link 3 4 F F into account, the stiffness matrix of closed-loop II at point D is obtained by linear superposition principle.
The virtual work equation of substructure II at point D considering deformations of closed-loop I and II simultaneously can be obtained as
On the basis of Jacobian matrices of closed-loop I, II and Hooke's law, the compliance matrix of substructure II at point D without moving platform in frame D u v w  ¢ ¢ ¢ can be described by 
The compliance matrix of moving platform 3 4 2 E E C is considered by linear superposition principle, and then the complia nce matrix of substructure II is derived as
Stiffness experiment
In order to verify the stiffness model of T5 PKM considering gravitational effects, stiffness experiment is carried out in this section. Based upon the kinematic optical design of T5 PKM in [19] , its dimensional parameters and prescribed workspace are given in Table 1 . The inertial parameters are obtained and hereby the virtual prototype of T5 PKM is established by commercial software.
On the basis of the virtual prototype of T5 PKM, the compliance coefficients, mass and mass centers of required components in the Section 3 and 4 are measured shown in Table 2~8 . Table 9 Configurations of 12 measuring points in frame O-xyz Table 9 . It is pointed out that several tips in the stiffness experiment are carried out in order to decrease the measuring error: 1) exerting the preload for eliminating the effects of the clearances among components and joints (200 N, 300N and 400 N preloads are exerted along x-axis, y-axis and z-axis, respectively); 2) taking 50 N as the step length, the experimental stiffness curve is fitted by means of the least square method; 3) the stiffness value at any point along/about any axis is an average value after repeating four times.
The experimental stiffness values of the reference point at the 12 measuring points are measured and demonstrated in Fig. 11 with the comparison with the theoretical stiffness values, in which the red curve and blue curve denote the theoretical value and experimental value, respectively. The errors between the two models are within 5%, and it is concluded that the variation tendency of the experimental values is similar to that of the theoretical values. The experimental values are smaller than the theoretical values in all configurations which may be caused by the friction and nonlinear contact deformation between two components in T5 PKM prototype.
In conclusion, the theoretical stiffness model of T5 PKM is proved as valid by means of the stiffness experimental approach. In other words, the stiffness modeling flow of T5 PKM is effective, and the approach that treating the component gravities as external payloads in the theoretical model can be employed to describe the actual distributed gravities in an acceptable accuracy manner. 
Stiffness analysis
The stiffness distribution of T5 PKM in the prescribed workspace is presented as follow.
As shown in Fig. 12 , the stiffness distribution of T5 PKM in three plane ( 1200 z  , 1350 z  , 1500 z  mm) is presented when It is noted that the stiffness model of T5 PKM is determined by compliances of IR 1 and IR 2 , substructure I and II, hence these three parts should make appropriate stiffness contributions to the stiffness of T5 PKM in order to avoid bucket effect as mentioned above.
As shown in Fig. 13 , the gravity of T5 PKM has a significant impact on the linear deformation px  along x-axis and the angular PKM. As the counterpart, the algebraic characteristics (such as singular values and eigenvalues) of the stiffness matrix are usually employed as the objective function or constraint conditions within the whole optimal design process. In addition, the analytical stiffness model in this paper would contribute to the digital design of PKMs by means of computer and the programming languages.
